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Ideal MHD

Compressible Euler + Maxwell + Ideal Conductor + Massless electrons + Electric
quasi-equilibrium =

Otp + div(pu) =0 , (1a)

potu+p(u-Vu)+Vp+BxcurlB=0, (1b)

Ots + div(su) =0, (1)

0¢B +curl(B xu)=0. (1d)

Have an equivalent hyperbolic form (usually used for discretizations), using variable m and
E.

Only valid in smooth regime (conservation instead of dissipation of entropy).

No dimensionality (removed all physical constant).

We will not consider boundary conditions here.



A few applications of MDH

=




Least action principle

Consider the following Lagrangian and action®?
1o Lo
I(u.p.5.8) = [ plul® = pe(p.s) — 5[BPV | (2a)
Q
-
E(u.p.5B) = [ u.p.s.B)dt (2b)
0

solution of ideal MHD <= 0% = 0 under variation du = 0yv + [u,v], dp = —div(pv),
ds = —div(sv) and 6B = curl(B x v) with a curve in X(€) null at both end-points and
advection equations :

Op + div(pu) =0 ,0¢s + div(su) =0 ,0:B + curl(B x u) =0 .

Lagrangian and Hamiltonian methods in magnetohydrodynamics, William A. Newcomb, 1961.
>Topological methods in hydrodynamics, Vladimir I. Arnold and Boris A. Khesin, 2008.



The de Rham complex

HY &L H(curl) — H(div) —9¥> 12 (3)

Take smooth subspace and use general notation :

VSRS v B V2 R VE (4)
Interior product to go the other way around (for a given vector field u)

ig=cu o ig=Xu o ig=.u
VO %4 %4

Mix everything : Lie derivative £, = d'~L1il + jiT1d’

Ve (5)



Theorem

L, commutes with d

General advection equations :

Oy’ + Ef,wi =0,
O:f +u-gradf =0.
O0¢A + grad(A - u) + curl(A) X u ,
0¢B + curl(B x u) + div(B)u =0 .
Otp + div(pu) =0,



Reformulation of the variational principle

Forue X, p,s € V3 and B € V2,
1 2 1o
/(va,S:B):_/QEP|U| _pe(pus)_E‘B‘ dv7 (73)

_
(u,p,s,B) = / I(u, p,s,B)dt . (7h)
0

0% = 0 under variations
Advection equations :

du =0+ [u,v], (8a)
6p=—Lup | (8b) Orp + Lup =0, (92)
6s = —Lys (8¢) Ors+ Lys =0, (9b)
’B=—-L,B. (8d) 0:B+ L,B=0. (9C)



Invariants of the system (1/2)

Total mass and entropy:

at/PZOa

Q

at/SZO,
Q

comes from [, Lw3=0
B is solenoidal (if divB(t = 0) = 0):

divB =0,

comes from the commutativity of d and L,

(10a)

(10b)

(11)



Invariants of the system (2/2)
Total Energy:

1 1
) /Q Solul® + pelp,s) + 5|B2dV =0, (12)

Comes from the duality between the constrained variations and the advection equation for

p, s and B.
(Write the extrema condition, integrate by part to remove the d;v and choose v = u)



QOutline

Ideal MHD
The de Rham complex
Invariants of the system

Discretization
Discretes forms and vector fields
Discrete Lagrangian

| VALENTIN CARLIER , MARTIN CAMPOS PINTO | APRIL 5TH, 2024 VARIATIONAL-FEEC DISCRETIZATION FOR THE IDEAL MHD 13



Discretization based on this variational principle

Why ?
® Invariant/Structure preservation,3*
® | ong time stability,
® FEasily adaptable to other models,
® No dissipation at all.®

How ?
® Discrete de Rham sequence,
® Discrete interior product,

® Discrete Lagrangian and variational principle.
3A variational finite element discretization of compressible flow,
Evan S. Gawlik and Francois Gay-Balmaz, 2021.
“*Structure-preserving discretization of incompressible fluids, Dmitry Pavlov et Al, 2011.
SJOREK3D : An extension of the JOREK nonlinear MHD code to stellarators,
Nikita Nikulsin et Al, 2022.




Discrete De Rham sequence and vector fields

Forms : discrete De Rham sequence (FEEC!®)

VO grad V]_ curl V2 div V3 (14)
noi nll ml ml
0 1 2 3
Vh grad Vh curl h " div Vh

Consider X}, a discrete space of Vector field and uy, € X,.
Discrete interior product : iy, w' = I;(iy,w").
Discrete Lie derivative £, ,, = d’_li,’,,uh +iyd'.

Discrete Lie derivative also commutes with exterior derivative.

SFinite element exterior calculus, Douglas N. Arnold, 2018.



Discrete Lagrangian

For uy € Xy, pp,sp € V,? and By, € th,
1 2 |
In(up, ph, sn, Bp) = /Q Eﬂh|uh| — pne(ph, sn) — §|Bh| dv,

;
Y w(un, pn, Sh, Bh) :/o In(up, ph, sp, Bp)dt |

06Xy, = 0 under variations
Advection equations :

dup ::8tvh—%[a;j;;], (16a)
oph = —Lu,ph , (16b) Oepn t Lunpn =0
dsh = —Ly,Sh , (16¢) Orsh+ Lu,sh =0,
0Bj = —Ly,Bp . (16d) 0:Bp+ Lu,Br=0.

for v, € Xp,.

(15a)

(15b)

(17a)

(17b)
(17¢)



FEM equations

The semi-discrete scheme reads : find u, € Xp, pp,sp € V}] and By, € V,;’_l such that

/Qat(phuh) -vp — (ppup) - (v-grad u; — u - grad v;)

1 .
+(§\Uh|2 — e(pn, sn) — prop,e(ph, 5h)) div M?(ppv) (18)
—pnOs,e(pn, sn) div 1 (spvp) — By - curl (B, x vp) = 0 Yvp, € X, .
With the following advection equations :
8tph + div I'Iz(phuh) =0 y
O¢sp + div I"I2(shuh) =0, (19)

0:B}p, + curl I‘Il(Bh X uh) =0.

Preservation at the semi-discrete level of all the previously mentioned invariants.



Energy preserving time discretization

bl _ pil nili o opal - ntli
/Ph uhA PhUh v, *thuhﬂ’ . uh+2 Vv, — v Vu +2’))
G L el s ) — el st el st) — plelols s P
+( 5 ( n+1 + n+1 n )) divi(p;, *vn)
2 2 P —ph Ph — Ph
1 pn+1 (pz+1 n+1) n+le(pn+1 5;71) he(p’” +1)_phe(pz’5”:) . ntl
L ) + — )div(s, 2vs)
2 sptt— s Sh — S
nt+i n+i
— B, 7 curlN(B, 2 x vp) Ywp € (V)™ ,  (20)
p"+1—pz nti ntd
hTerivﬂ(ph 2u, 2)=0, (21)
n+l _ on [ S |
B dwn(s) Fup ) =0, (22)
Bn+1_ n
-I—curII'I(B o X "+2) =0, (23)

At
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Implementation details

Tensor product splines spaces.

grad 5p ® Spt1 ® So+1 curl Spt1 ® S ® S div
Sp41 @ Sp11 Q@ Spr1 —— | 551 Q@SR St | —> | SR 5+1Q% | —= 5,5, R Sp
So1 @ 511 @S, Sp @ Sp & Sp1

Xy = (V3)°
Projectors are interpolation/histopolation projections.
Implemented using the psydac library’

"PSYDAC: a high-performance IGA library in Python, Yaman Guclu et Al, 2022.


https://github.com/pyccel/psydac

Taylor-Green Vortex

Barotropic Euler, e(p) = 1p.
Q = [0,M]? periodic boundary conditions.
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Figure: p =3, nc =128
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tle—14a evolution of Density 1e—12 evolution of Energy

0.0
2.5
2.0 —0.5
15 4
—1.04
1.0 4
0.5 | —1.5 4
0.0
—2.0 4
—0.5 4
0.0 BE) 10 15 2.0 2.5 3.0 0.0 a5 10 15 z.0 2.5 3.0
le—12 evolution of Density le—12 evolution of Energy
2.00 0.0 ]
1.75 4 i 'H“J*JJ‘” WA PR ”““’JI
—0.5 4
1.50 4
1.25 4 —1.0 4
1.00 o
—1.5
0.75 4
0.50 1 —2.0 4
0.25
—2.5 4
0.00 4
0.0 o5 10 15 2.0 2.5 3.0 0.0 a5 10 15 2.0 2.5 3.0

Figure: Numerical evolution of the claimed invariant for a coarse and a finer discretization



Barotropic Kelvin-Helmholtz instability

58601 35601 8.1e+00
04 02 5

~02 Lot
0 K -0 K -0 3
02 — 01
04 02 N
5.86-01 35e01 -8.1e+00

| VALENTIN CARLIER , MARTIN CAMPOS PINTO | APRIL 5TH, 2024 VARIATIONAL-FEEC DISCRETIZATION FOR THE IDEAL MHD 23



Barotropic Kelvin-Helmholtz instability
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Barotropic Kelvin-Helmholtz instability

79601 35601 8.16400
06
04 02 °
o2 ~ o1
-0 3 -0 3 i ° 3
— 02 01
04 02 5
06
7.9e01 35e01 810400

| VALENTIN CARLIER

MARTIN CAMPOS PINTO | APRIL 5TH, 2024 VARIATIONAL-FEEC DISCRETIZATION FOR THE IDEAL MHD 23



Barotropic Kelvin-Helmholtz instability
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Fully compressible (e(p,s) = p” texp(s/p)) Kelvin-Helmholtz instability

Reversibility test
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Rayleigh-Taylor Instability
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Rayleigh-Taylor Instability

1.6e+00
[ 155

1.4e+00

I VALENTIN CARLIER

MARTIN CAMPOS PINTO | APRIL 5TH, 2024

9.8e02

0.05

-0.05

9.8e-02

uy X

6.7e-02
[ 0.04

— 002

—-002

VARIATIONAL-FEEC DISCRETIZATION FOR THE IDEAL MHD

-004

-6.5e-02

25

uy



Rayleigh-Taylor Instability
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Rayleigh-Taylor Instability

1.6e+00

1.4e+00

| VALENTIN CARLIER , MARTIN CAMPOS PINTO | APRIL 5TH, 2024

9.8e02

-0.05

9.8e-02

VARIATIONAL-FEEC DISCRETIZATION FOR THE IDEAL MHD

52e01
04

02

02

04

-59e01

25

BN



Alven Wave
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Figure: Plot of B, and B, = cosaB, —sinaB, at t = 75 (after 75 periods of the wave), cuts at
y = 0 with a coarse discretization (N = 16). The squares are the reference at t = 0 and the crosses
are the result at t =75



Orszag-Tang Vortex
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Orszag-Tang Vortex
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Orszag-Tang Vortex

2024 TIONAL-FEEC DISCRETIZATION FOR THE IDEAL MHD
Eiclire- p =3 n. — 256 x 256
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Conclusion and perspectives

-Alternative method with nice theoretical properties.
-Good results on academic tests cases.

-In implementation in an HPC code (struphy) to test on real physically relevant
configuration (Tokamaks/Stelerators).

-To be coupled with kinetic solver for more physics.
-Small dissipation to be added because real life is not ideal.

-arXiv:2402.02905


https://arxiv.org/abs/2402.02905

Supplementary slides



Lagrangian POV for MHD

Q C R", D(Q) : set of diffeomorphisms (smooth bijection) of Q,
X () : set of vector fields of Q.
Evolution of a plasma in Q : curve (¢;) in D(Q)
* ¢¢(x) : position at time t of the fluid particle that was located at x at t = 0.
* 0rd¢(x) @ velocity at time t of the particle that was in x at t = 0.
* Classic (eulerian) velocity field u(x, t) = (:¢¢) o py*.
The other fields are then transported (not as functions but as differential forms) :
p(t, ¢t(x)) = p(0,x)/det(Dgr(x))
s(t, ¢e(x)) = s(0, x)/det(Dee(x))
B(t, ¢:(x)) = D¢p¢(x)B(0, x)/det(Dp¢(x))




Variational formulation in Lagragian POV

Consider the following functional (Lagrangian) on D(2), for a given pg, s, Bo

50 1

_[1 2 Po _ 2
L(¢"9t¢)_/92”°‘af¢‘ P08 et (Doe(x))’ det(Doe(x))) ~ 2det(Dag()) P B0l 9V -
(24)
And its corresponding action :
-
S(6.0:0) = | L(@(0). () (25)

Theorem

Solution to the ideal MHD equations correspond to extremizers of S.



Lagrangian reduction

Change of variable :
u=(0r¢r) o d’;lv

p = (po/det(D¢r)) o ¢,

s = (sp/det(Dgy)) o gb;l,

B = (D¢:Bg/det(D;)) o o7t

1 1
I(u, p,5,B) = /Q Solul? — pelp.s) — SBPAV . (262)

]
E(u.p.5.B) = [ I(u.p,s,B)dt (26b)
0

0S = 0 under free variation of ¢ <= 0% = 0 under variation du = Jv + [u, V],

§p = —div(pv), §s = —div(sv) and 6B = curl(B x v) with v = §¢ 0 ¢~ 1, curve in X(Q)
null at both end-points. We also recover the advection equations :

Orp + div(pu) =0 ,0¢s + div(su) =0 ,0;B + curl(B xu) =0 .
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