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Incompressible MHD equations

v+ Vyv=—-Vp+curlB x B,
B=L,B,
divB =0, divv =0,

where v(t, x) is the velocity, B(t,x) is the magnetic field, p(t, z) is the pressure.
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where v(t, x) is the velocity, B(t,x) is the magnetic field, p(t, z) is the pressure.
@ Energy (Hamiltonian):

1
1= [ +1BPn
S2

@ Conserved quantities (Casimirs)

e magnetic helicity: C:/(B,curlfl(B)) i,

S2

o cross-helicity: J= /(U,B)M
S2
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Vorticity formulation

One can introduce 4 scalar fields on S%: Hamiltonians ¢ (¢, z) and 6(t, z)
B=Xo=V"0, v=2X,=V"y,
and also vorticities 8(t,z) and w(t, x)

w=curl(v) -n, B =curl(B)-n.

Proposition

Vorticity formulation for incompressible MHD equations is

W:{UJ:¢}+{97,3}7 UJ:A'KZJ,
9:{97¢}7 /BIAG,
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Continuous and quantized MHD

Quantization on the sphere: (Cg°, {-,-}) ~ (su(N), [, ]n)

w, 0 € C*°(S?) W, 0 € su(N)
&= {w, A7 w} + {6, A6}, W= [W, Ay W] + [0, An €,
é: {H’A_lw}’ 62 [eaAJTIIW]a
- Magpnetic helicity - Magpnetic helicity
¢; = [ 10 Oy = 1(f(©))
S2
- Cross-helicity - Cross-helicity
I, = /wg(@),u Iy = tr(Wg(0))

S2
Goal: time integrator that preserves Lie-Poisson geometry (in particular, Casimirs)
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Geometric setting for quantized MHD

W = [W, Mi] + [©, M2],

0= [eleL
where M7 = A;,1W, Ms; = ANO.

Proposition

System (1) is a Lie-Poisson flow on the dual f* of the Lie algebra f = su(N) x su(N)*:

J = adjJ,

where J = (0, W) € f*, M = (M1, M}}) € §, with the Hamiltonian

H(W,0) = % (W a0) + (0T 02) ) )
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F =SU(N) x su(N)*, §=su(N)xsu(N)"

P |(@no f)(a)
flag™ T*F
jf
a e . X\
P Ta(w)
1%
% W
v v
e e f* =T*F/F

Coadjoint orbit O = {level set of Casimirs}
K. Modin, M. Viviani, Lie—Poisson Methods for Isospectral Flows. Found. Comput.
Math. 20. 889-921 (2020).
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Momentum map and other animals

F =SU(N) x su(N)*
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Momentum map and other animals

F =SU(N) x su(N)*

@ Cotangent bundle T*F,

T*F = {(Q,m,P,a) | Q € SUN),P € T5(SU(N)),m € su(N)", o € su(N) }
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Momentum map and other animals

F =SU(N) x su(N)*

@ Cotangent bundle T*F,
T*F = {(Q,m,P,a) | Q € SUN),P € T5(SU(N)),m € su(N)", o € su(N) }
@ Left lifted action of F' 3 (G, u)
(G u) - (Q,m, P,a) = (GQ,AdHu +m, (G ") P,a)
@ Momentum map p: T*F — §*

PQt — QP!

w(Q,m, P,a) = ( 5

, Qa@f) — w0
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Canonical equations on T F

Canonical equations on T* F

Q = _M1Q7
P =MP+2M]Qa,
a=0,

where M, = A]}lW, My = An©, with right-invariant Hamiltonian H=Ho W, are
reduced to the Lie-Poisson system on §*

W = [W,Mi1] + [0, M], © = [0, M],
by means of the momentum map

PQ" — QP!
2

u(@m,P.a) = ( 1QaQ') = (w'.0).

.
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Implicit midpoint method

Hamiltonian system on T*F

{Q = Hp(P,Q),
P =—Hq(P,Q).
Implicit midpoint method
~ h L - h ..
Qn:Q_gHP(PvQ)a Qn+1:Q+§HP(P7Q)7
- h L . - h L.

@ symplectic

@ equivariant with respect to the right lifted action of FF = SU(N) x su(N)* on T*F.
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Structure preserving scheme for MHD

Implicit midpoint scheme descends to an integrator on {*

A T o

W = W = (W, M) - 36, Nz] — = (M1WM1 + MoON, + M16M2) 7
- h.o~ o~ 2 L.

©n = O — 210, M) - “-MLOM,

W1 = Wa + h[W, Mi] + h[6, Ms),
@n+1 =0, + h[é, Ml]

Theorem (K. Modin, MR)

The numerical scheme (3) is a Lie-Poisson integrator

On: 15 =15, on: (Wi, 04) — (Wnt1, Ony1) for ideal MHD equations on the sphere.
The integrator (3) preserves Casimirs:

tr(f(On)) = tr(f(Ont1)),  tr(Wng(On)) = tr(Wn+19(On+1)).

= =

=yt
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Simulation
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Alfvén wave turbulence equations (Hazeltine's model)?

w={w,AT'w} + {0, Ad},
0= {9, A_lw} —a{0,x},
X ={x. A7 w} + {0,706},

where w and 6 have the same meaning as before, x is the normalized deviation of
particle density from a constant equilibrium value, « is a constant parameter.

Hamiltonian is )
H= 3 / (wAflw +0A0 — ax?®) p,
52
and Casimirs are

C= / ) +x9(0) + k(w —x)) 1

for arbitrary smooth functions f, g, k

IR.D. Hazeltine, D. Holm, P.J. Morrison. Electromagnetic solitary waves in
magnetized plasmas. J. Plasma Phys. 34(1), 103-114 (1985).
Michael Roop MHD April 5, 2024
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Quantized Hazeltine's equations

Using the geometric quantization approach, we get a spatially discretized analogue of
Hazeltine's equations in the form

W = [W, Mi] + [0, Ms], U = [¥, M],
©=[0,M]—-a0,x], < © =[O, M), (4)
X = [X7 Ml] + [@7 MQL X = [X7 M3} + [®7M2]7

where W,0,x € su(N), ¥ =W — x, M1 = AJ'W, My = ANO, M3 = M; — ay.

Proposition

System (4) is a Lie-Poisson flow on the dual §* of the Lie algebra
f=su(N) @ (su(N) x su(N)").

with Casimirs

& = tr(k(W —x)), Cp =txr(f(0)), Jy = tr(xe(O)).
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Simulation
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MHD: different regimes

@ Total energy
1 _
H= 5/(WA 'w+0A0) p = He + Hy
52
@ Weak magnetic field
HG < Hw

@ Generic magnetic field
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MHD dynamics: weak magnetic field

Click! | ™
Click! |-«
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var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}
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Matplotlib

http://github.com/klasmodin/quflow


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton1'){ocgs[i].state=false;}}


my_sim_N_128_isofix animation

Matplotlib

http://github.com/klasmodin/quflow


MHD dynamics: generic magnetic field
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Hazeltine's model: different regimes

@ Total energy
1 _
H = 5/(wA 1w+9A0—aX2),u:Hw+Hg+HX
S2

@ Weak magnetic field
Ho < H, = Hy,

@ Generic magpnetic field
Ho ~ H, ~ H,
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Hazeltine's model, weak magnetic field, zero W momentum

Click!|
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Hazeltine's model, generic magnetic field

Click!|
Click! | ==
Click! | ...

Michael Roop MHD April 5, 2024 20 /26




var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton7'){ocgs[i].state=false;}}


my_sim_N_128_alpha_two_isofix3 animation

Matplotlib

http://github.com/klasmodin/quflow


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton8'){ocgs[i].state=false;}}


my_sim_N_128_alpha_two_isofix3 animation

Matplotlib

http://github.com/klasmodin/quflow


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton9'){ocgs[i].state=false;}}


my_sim_N_128_alpha_two_isofix3 animation

Matplotlib

http://github.com/klasmodin/quflow


Generic magnetic field, © dynamics, initial mixing

Clickl!

Magnetic field ® dynamics
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Generic magnetic field, ©® dynamics, dipole

Clickl!

Magpnetic field © dynamics, dipole dynamics
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Thank you for attention!
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Quantization on the sphere: (C* {-,-}) =~ (W(N), [, "]n)
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Quantization on the sphere: (C* {-,-}) =~ (W(N), [, ]n)

Laplace-Beltrami operator Hoppe-Yau Laplacian
3 3
:Z{mkv{mb}} AN( ZXka[ka
k=1 k=1
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Quantization on the sphere:

Laplace-Beltrami operator Hoppe-Yau Laplacian
3 3
=> A{a, {oe, 1} An() =Y [Xk [ Xk, In]n
k=1 k=1
Yim are eigenvectors of A T}, are eigenvectors of Ay
AYip = —I(l +1)Yim ANTim = =1+ 1) Tim,
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Quantization on the sphere:

Laplace-Beltrami operator Hoppe-Yau Laplacian
3 3
=> A{a, {oe, 1} An() =Y [Xk [ Xk, In]n
k=1 k=1
Yim are eigenvectors of A T}, are eigenvectors of Ay
AYim = —U(1 +1)Yim ANTi, = =11+ )Ty,
Vorticity function Vorticity matrix
oo DN N—1 1
IR S TR 2 WY 3w
=0 m=—1 =0 m=—1
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What are TN ?

im

TN = o (X,...,x) =m — off diagonal
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Convergence results

Theorem (Charles, Polterovich (2017))

For every f,g € C°°(S?) there exist co,c1 > 0, such that

o Iz — e < (p)lae < lsee

© [lpn(f);pn(9)]n — Py ({£: 9Dl <

C1
~ fllerliglies +1fllczligllcz +MIfllosllglicr)
where

Il = ma sup V41, 1Al = sup 4z, A € u(N)

.
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