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Structure of the talk

Steiner Problem : classica formulation
basic properties

iyinimalpartitionsprddernireaatifiiiiithmifjnidity⇔-paired calibrati 0ns

Currents with coefficienti in a group : relation with Steiner
calibrati0ns vs

. paired calibrati 0ns
a global minimal ity result

tojasieuic} - Simon inequality for minimal networks
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Steiner Problem

-

et te = {p . . . . . . pn } be a finite collection of points in R?

Steiner Problem : Fino a connected set k such that

lckandthelengtho-fminiminf.IN"

( K ) : K ≤ R? connected and such t ≤ K }

The exists a minimi }- er to the Steiner problem
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Steiner Problem

-

et l = {p . . . . . . pn } be a finite collection of points in R?

Steiner Problem : Fino a connected set k such that

lckandthelengtho-kifnima-lessandi.am
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Steiner Problem

Steiner Problem : Fino a connected set k such that÷⇔⇔⇔""";;:;;;;:;;;:_la K and the length of K is minimal

without 100ps
composed of straigth segmento
meeting at triple junction
forming angles of 120º
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Steiner Problem

-

et te = {p . . . . . . pn } be a finite collection of points in R?

Steiner Problem : Fino a connected set k such that

ninimis.ers.ie?!;:;:;:-Ki-minima=-
i - | _

" . - .
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etworks

A network can be seem as a Couple N-- (G. Il

where G is an
"

abstract graph
"

and I : G > Ri is a Map
with sone identificati0ns I = 18 ?

. . .

.

8
"

)

I

fixedtopdogy.iaii.YF.cl0

fixed G ° °

0 O

•

a network is degenerate if = i c- { 1
.

. . .

.nl such that L ti 0

A network composed of straigth segmento
that meetat triple junction forming
angles of 120º is called minimal I

/ \
.
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Minimal networks are local minimi}- ers

Minimal networks are local minimi}- ers of the lenght functional

→

È
a

-
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Minimal networks are local minimi}- ers

Minimal networks are local minimi}- ers of the lenght functional
in the sene that

if N* (G
,

È =/È
.
. . .

.
E

'

) ) is a minimal network

then their exist Go such that
n 0

-

IN ≥ LUI )

whenever vk.E.ir:O
"

"

is a triple junction network

such that tti . si È IL. < e -

- lessandra Plada (Università di Pisa ) Network flow : Resolution of sinaularities and stability 4



Fixed topdogy
The minimi}- ers have at nost nn nn -2 triple junctions .

::÷;:;÷:÷÷::÷:::÷⇔""the problem reduces to determina the location

Imf { L xs , . . .

,
Xm ✗ i

- pi ✗ i Xj /
a .

. . .

,
✗
nn

C-È }

The problem is Convex
.

Existence of minimi}-er is Trivial
.

Minimi}-ers can be degenerate

-lessandrapluda /Universita di Pisa ) Global and local minimizers of the length functional



Fixed topdogy
Minimi}-ers can be degenerate
Example :

DATA

Ps .a.o.iai-f.IQPs e ° °

Pc, • ° °

◦ o Poi
•

Ps
UNKNOWN

X
,
i

✗
2
•

Inf { L Xs , ✗a X
,
- Ps X

,
- Pa t K - Ps + ✗a- Po + ✗

1- ✗a

with Xs
,
×
,
e R

'

}
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Fixed topdogy
Minimi}-ers can be degenerate
Example :

DATA

Ps .R.i-HIK.XF.PEPs e ° °

Pc, • ° °

◦ o Poi
•

Ps
UNKNOWN

X
,
i

✗
2
•

Inf { L Xs , X, X
,
- Ps X

,
- Pa t K - Ps + ✗a- Po + ✗

1- ✗a

with Xs
,
×
,
e R

'

}
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Fixed topdogy
The minimi}- ers have at nost nn nn -2 triple junctions .

Once we fix the topdogy (wefix the Under lying graph G)
the problem reduces to determina the location

ofthetriplejunctifl.nl
' { L xs , . . .

,
Xm ✗ i

- pi ✗ i Xj /
a .

. . .

,
✗
nn

C-È }

The problem is Convex
.

Existence of minimi}-er is Trivial
.

The number of possible topologie is finite

Minimi 3-e amore all minimig-ers with fixed topdogy
Difficulty the number of possible topologie esca/ etes as

the number of points p. . . . . . pn increase
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Minimal partition

-

et me and Iet a ≤È be an Open set .

We say that (
s . . . .

. n

is a Caccioppoli partition of A if
n
-

Eic-A.i-in5.l-o.si?s--i--0af--ir-f

c-

,

a

7
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Minimal partition

-

et me and Iet a ≤ R
'

be an Open set .

We say that (
s . . . .

. n

is a Caccioppoli partition of A if
n
-

Eic-A.i-in5.l-o.si?s--i--0af--ir-f

c-

E
,E

,

a
1

7
Ej E

]

È
,
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Minimal partition

-

et me and Iet n ≤ R
'

be an Open set .

We say that (
s . . . .

. n

is a Caccioppoli partition of Rif
m
-

Ei ≤ D-
,
Ein 1--0

,
d- ¥, ÷.

= 0 and ° ii.d) < +0
.

Wedenotebyj=E±na*E÷
% Outer Outward normal to ti

%. = vi = - I unit normal to Ii
, painting from Ei to Ej

n

⑤ E
a
P È

,

a
Fiz
- - -

, Ea
Ea ; in

7- -
-
-
.
-

È _
_

i

≤
4
'%

,

I EGIÈ EÈ
E
,

⇐
_÷
,
[Li

'
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Minimal partition

-

et me and Iet n ≤È be an Open set .

We say that (
s . . . .

. n

is a Caccioppoli partition of A if
Ei ≤ D-

,
Ein È 1--0

,
d- È Ei = 0 and ° ii.d) < + ao

.

Wedenàebyj=E±na*E÷
% Outer Outward normal to ti

%. = vi = - % unit normal to Ii
, painting from Ei to Ej

Mp =⑤ E
a

a. =
'

,
- i ,

~ ≈ =

Minimal partition problem : given I
s . . . .

. n

fino

inf {⑤ E : (
s . . . .

. n Caccioppoli partition of D-
such that tratti tratti }
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quivalence of Steiner and Minimal Partitions Problem

et a be Convex
.

bere exists a minimi}er to the Minimal partition s problem .

-

in brosio - Braide
Morel - Soli mini
Brakke
nato - Bollettini - Paolini
Carioni - Muda
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quivalence of Steiner and Minimal Partition Problem

et a be Convex
.

bere exists a minimi}- er to the Minimal partition problem .

-

et te = {p . . . . . . pn } be a finite collection of points

¥¥"Ì;%rÈÌÈÌanÌÌÈNinimàpaììionsprd.hn#
are equivalent .

P÷mmmÉìgg
• Po

Psinmmmnmmeniiagg
- Lei già •Pse

} TÈ È

} TÈ -nnbrosio - Braids
B. Yann

• P "

Parisyan
• pu Morel - Soli mini

È minimamente e
,

www.mnvvI-j Brakke
% ti≥ nato _ Bollettini - Paolini

Carioni - Muda
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quivalence of Steiner and Minimal Partition Problem

et a be Convex
.

bere exists a minimi}er to the Minimal partition s problem .

-

et te = {p . . . . . . pn } be a finite collection of pointsontheboundaryof.ae/R2conF=-
Then the Steiner Problem and the Minimal partition s problem
are equivalent .

B.pmmmÉà} P5- eroi r
È Hei

ÈTNÉÈ

gg
Po

' } È -

inbrosio - Braids
B. Yann

• P "

Parisyan
• pu Morel _ Soli mini

E.
mutevole

, Brakke
ti≥ È ⁿhmÈIwᵈᵈÉ nato - Bollettini - Paolini

Carioni - Muda
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quivalence of Steiner and Minimal Partition Problem

et a be Convex
.

bere exists a minimi}er to the Minimal partition s problem .

-

et te = {p . . . . . . pn } be a finite collection of pointsontheboundaryof.ae/R2conF=-
Then the Steiner Problem and the Minimal partition s problem
are equivalent .

wmmÈʰr.
È

p.pse.it?yfeieiHYfEieieni-mbrosio - Braide
Pz
hann

• P "

Pisanu
• pu Morel _ Soli mini

È mmmammonite Brakke
Ti≥ È mmmm,óIwᵈᵈÉ nato - Bollettini - Paolini

Carioni - Muda

-lessandrapluda (Universita di Pisa ) Global and local minimizers of the length functional



Paired Calibrati0ns

et a ≤ R
'

be an Open set
.

j.fi?;;;tia%aaeioPPdiPartitiof....fis a Collection of n approxinnately regular vector fields

È
.

. . . .
En : a R2 such that

2) / È.

- È
,
.
I ≤ 1 71? a. e

.

in d

3) È. _ §.

.

Vij = 1 TÀ a. e
.

in iij

Lawlor - Morgan
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Paired Calibrati0ns

et a ≤ R
'

be an Open set
.

j.Y.ir?..;;tia%aaeioPPdiPartitiY......n-is a Collection of n approxinnately regular vector fields

È
.

. . . .
En : a R2 such that

2) / È.

- È
,

/ ≤ 1 It? a. e
.

in d

3) È. _ §.

.

Vij = 1 It
"

a. e
.

in iij

If ④ =/ È
.

. . .

.
En ) is a paired calibration for (

s . . . .

. n

ther (
s . . . .

, n
is a minimi 3-er for the

minimal partition problem
Lawlor - Morgan
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Calibration irnplies minimality
"

PÌ
, ,
d

'

IA
' ?

⑤ È
a

ij
.

iij
no + Il

"

in.no

ij://E.j.rs 1 It
"

=

ij
: SE

nn
È. È.

•

%.

It
"

n
,

1 n
,i.is/s$-i.DtEii=iSs0-i.DFIiji/Ey.nrÈ §.

•

%.

It
"

≤

ij://i-y.rs È ¥.
It
"
'

ij. It
"

Ii
,
nn

n

a
P È

,

a ⑤ È Fia

E
' - -

i Ez a
s !

7- -
-
-

;
-

È _

I %}
≤

' 4
"

14 E
]

!

E
, È:
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Looking at the differences

Given a Caccioppoli partition =/ E
. .
E. Es ) and

the vector fields % .EE : R R such that

Oliv%. = 0
,
Ti _

1
,
¥ . Vij = 1 TÀ a. e

.

in iijandwiththepropertythatki-Y.FI
the Collection of vector fields defined by
§ =/0,01

,
È =

-Yu
,
È = % is a calibration for =/E.

,

E
. .
Ed
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Example : calibration of the triple junction

a

Lawlor - Morgan
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Example : calibration of the triple junction

60

E3-o.EE
≥ -

{{
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Example : calibration of the triple junction

00

E3

.Èf
-

{{
-

V23

V12 V31
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Example : calibration of the triple junction

00

E3-o.EE#
{{

-

43

V12 V31

% = V12 ¥3 = V23 % = V31
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Example of non - existence of calibration

"

Caccioppoli partition (
s . . . .

. n

"

is equivalent to
"

Collection of nn function vii. EBVLR
,

{ 0,1 } ) with ui te.

"

If-t-l-Q.i.Q://sapairedcalibrationforua.i.unc-FR.is
,

m

then the Collection u
. . .

. . .vn minimi}-e ÷ ,

/ Dui / (A)

arnong all Collections of n function ii. c- BHA
,

:O
,
se :)

i.vnith a finite number of Values d.
.
. . . .dk

,

such that

⇐ ,
Viki = 1 for a. e. ✗Er and Trani = travi

Bonafini - Orlandi - Oudet
Carioni - Muda
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Example of non - existence of calibration

"

Caccioppoli partition (
s . . . .

. n

"

is equivalent to
"

Collection of nn function vii. EBVLR
,

{ 0,1 } ) with ui te.

y.te.me/e;u,=xe,y=qgyyy.=e.FIMENE Mai
Di RETI

ITTITE
jeg Ermitage

EEEE Esisti
%Ir•sd%

V1 Va V3 V4 V5
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A local minimal ity result

D horneonnorphic to a closed disk and with endpoint p. . . . . . pn E ad;;::;::::::::::::.⇔.⇔"Then their exist a bounded Open set a

te .rs È È.

Noreover there exists a paired calibration for in
_

r

In particular E is a minimi}-er of

amory all having the sane trace of on da

Pluda Poggetto
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Prodi

Prototypical Configuration :

_
-

/

. .

/ \
.
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Prodi

we take a truncated S - neighborhood
on

. .

/ \
.
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Prodi

we define the partition

_

g e

\,
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Prodi

=
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Prodi

=
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Prodi

=
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Prodi

=

R.ua#RztrpylYjiIr
.

) . va = - tra / ¥-1 r? - va
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Prodi

=

/ I
\,
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Prodi

=

/ I
\,
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Current with coefficienti in IR
"

A 1- form u with Values in 2
"

is an array w = ( wa
.
. . .

. Wm
) of 1- Forms

(
•

12 ?
-
Isi is the space of 1- forms with values in 2

"

C-1-currentwithcoefficientsinptiisalineaandcon.li
nuousmap:IRii2-

Its mass is defined as

1 : sup { w : we (Itri
. ? I with w

con
≤ s }

and its boundary is the 0 - current defined by

a lw) ( dw ) we (Itri
. ? 22

Fleming , White
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mass - minimi3-a tion problem

Let { g. . . . . . gn. . } be the Canonical base of R
""

and gn :

We define a norm . on R
""

in such away that

:÷È÷Ì÷:!:i:÷!::!÷nà÷::⇔:""_
the 0 - Current B g. &≥ . . . 8nA
Problem ( * ) :

Inf { ) : 1- rectifiable Current with coefficienti in
"

? 7 B}
.
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mass - minimi3-a tion problem

Let { g. . . . . . gn. . } be the Canonical base of R
""

and gn :

i. =
; gi

given I any subset of { 1
.
. . .

.

n - 1 } it holds
⇐± gi

1

B g. &≥ . . .gnfpninfll.1-rectitiablecurrentwithcoeffia.FI?dBs.=
• - Gn - 82 -83 -94

& •

•

84

% .

•

9s
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mass - minimi3-a tion problem

Let { g. . . . . . gn. . } be the Canonical base of R
""

and gn :

i. =
; gi

given I any subset of { 1
.
. . .

.

n - 1 } it holds
⇐± gi

1

B g. &≥ . . .gnfpninfll.1-rectitiablecurrentwithcoeffia.FI?dBs.=
• - gr - 82 -83 -94

& •

g.

↳•

84

{
g ,
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mass - minimi3-a tion problem

Let { g. . . . . . gn. . } be the Canonical base of R
""

and gn :

i. =
; gi

given I any subset of { 1
.
. . .

.

n - 1 } it holds
⇐± gi

1

B g. &≥ . . .gnfpninfll.1-rectitiablecurrentwithcoeffia.FI?dBs.=

: ÷
""

TE84

9s
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quivalence of Steiner and the mass minimi}-ation Problem

bere exists a minimi}er to the mass - minimi3-a tion problem (* )

Marchese - Massaccesi
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quivalence of Steiner and the mass minimig-ation Problem

bere exists a minimi}er to the mass - minimi3-a tion problem (* )

Thesteinerproblennandthemassininimrgationprobnx
are equivalent .

Marchese - Massaccesi
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Calibrati0ns for G -Current

Iet G be a normed subgroup of R
""

Let I i. L
,
0 : be a 1- rectifiable Current with

coefficienti in G and week
.
.
:(Pil ) I

henwisaaibratifrif
1) 01W =D

2) W
con
1

5) CUIXILIX )
,

OIX ) 01×1 for If
"

a. e
.

✗ E

I
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Calibrati0ns for G -Current

Iet G be a normed subgroup of R
"

Y.ni.si?;:::;:;:;-*-w*i-.coefticientsin G and WEEK
.
.
-111741

1) dw =D

2) W
con
1

5) CJIXILIX )
,

OIX ) 01×1 for If
"

a. e
.

✗ E

If u is a calibration for I

then is mass minimi}- ing in its hotndogy class

-lessandrapluda /Universita di Pisa ) Global and local minimizers of the length functional



Equivalence of calibrati0ns

Let { g. . . . . . gn. . } be the Canonical base of R
""

and gn :

we define a norm . on R
""

character l' 3- ed bythepropertytfqtitsunitballisthesnf-suchthatr.li
gk 1 with l' ≤ j -1 i.je { 1 . . . . . n }

%
,;

-
-
-
.
. :

"
"

! *+82
i

g.
92+83 '

-

-
.
_

,

i

i giga?; i. 91'

"
"
"
-
.
.83

'

Carioni - Muda
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Equivalence of calibrati0ns

Let { g. . . . . . gn. . } be the Canonical base of R
""

and gn :

'

we define a norm . on R
""

character l' 3- ed by I
the property that its unit ball is the snalksthà÷

K = I 8K

Then their exists a permutation of the tabellina of
the points p. . . . .

. pm such that gives the
equivalence of the paired calibrati-0ns and the
calibrati-0ns for G. Current

Carioni - Muda
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From minimal networks to G.Currents

Iet
ga

(1,0 ) , g.
( I

,

E) and gas % & .

We Choose a norm . con R2 such that

81 & & & 1

letgbethediscretegroupgeneratedbyg.andg-r.t.addi.IE

Nuda Poggetto
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From minimal networks to G.Currents

Iet
ga

(1,0 ) , g.
( 7

,

E) and gas % & .

We Choose a norm . con R2 such that

81 & & & 1

4tGbethedixreteqoupgeneràedbyganFd
Then is a Canonical way to associate TON minimal network

a 1. rectifiable Current : i. L
,
0 :

with coefficienti in § such that

suppl 1 N INI )

and 3 7 casa . . . Cntpn with Cie { 8s , & , & }

Nuda Poggetto
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From minimal networks to G.Currents

Then is a Canonical way to associate to N minimal network

a 1. rectifiable Current

yii.l.oiwittg-iien.info
'

a
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From minimal networks to G.Currents

Then is a Canonical way to associate to N minimal network

a 1. rectifiable Current i i. l
,
0 : with coefficienti in §

\
.

•

i
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From minimal networks to G.Currents

Then is a Canonical way to associate to N minimal network

a 1. rectifiable Current i i. l
,
0 : with coefficienti in §

µ
.

\[
1

>

1-[
3 a
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From minimal networks to G.Currents

Then is a Canonical way to associate to N minimal network

a 1. rectifiable Current i i. l
,
0 : with coefficienti in §

☆

.ly/----
02

@
1 ••

>

1- 03
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A global minimal ity result

bere exists w calibration for the s - rectifiable Current

with coefficienti in § canonically associated to N minimal network

In particular is mass minimi}- ing amory 1- normal Currents l

wiRwF

Pluda Poggetto
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A global minimal ity result

bere exists w calibration for the s - rectifiable Current

with coefficienti in § canonically associated to N minimal network

In particular is mass minimi}- ing amory 1- normal Currents l

wiRwF

Take w

-

o
-

-

0 1
-

Muda Poggetto
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tojasieniicg - Simon inequality

(et de = (GIÀ
,
. . .

.
È ) ) be a minimal network

.

Then the" "its ⇔
.

÷; ;;
°
.

" : "" that the following holds

if N = (G.lk
.
. . .

.
K
"

) is a regular network such that

:/ ri ri

Then
1- O

I NI 1 da ≤ c
i
:[ È

≥

ds
"

c Kira
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